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PRESIDENT’S MESSAGE

The Dozenal Society of America is proud to announce two general meetings this
year, both in New York City. We welcome all members to join us for dozenal
discussion and fun in April and in October,

As editor to-be and President of the DSA, [ am excited about the worldwide
interest in dozenal as demonstrated here and on the internet. Our Dozenal
Bulletin is a mathematical journal, your mouthpiece to fellow dozenal
enthusiasts. It represents more than six dozen vears of thought, covering number
bases. nomenclature and symbology, systems of metrication, puzzles and games,
and musings of our fathers in dozenal thought. Gene Zirkel's work since the
1970s, from reviving the Bulletin to leading the organization, is a gift to all of
us: The Bulletin is a crossroads of the senerations of folks who've marveled
the compact versatility of the number twelve. You can be a part of it by joining
and submitting your thoughts to the Bulletin,

The Bulletin is only one benefit of membership. The DSA’s annual meetings are
a great way to meel others that think the same way vou do. The DSA website is
an opportunity for you to help spread the word about the power of twelve and
related topics. We have a sister organization in the Dozenal Society of Great
Britain, In the future, the DSA may be able to offer more benefits; the power is
in your hands. For twelve dollars, you can join and participate.

[ am honored to have been elected President of such & fine organization, Many
good people have served and continue to be involved in the DSA's operations. |
believe dozenal is the optimum base for general human computation. As a
registered architect, [ use dozenal daily in my work. Like many of you, I enjoy
pondering alternative number bases and cleaner systems of measure, Let's share
the wonder and joy of one of nature’s most versatile numbers — twelve

Michael DeVieiger, President s

00

The DSA doss NOT endorse any particular symbols for the digits ten and
eleven. For uniformity in publications we use the asterisk (3) for ten and the
ociothorpe (%) for eleven. Whatever symbols are used, the numbers commaonly
called "ten”, "eleven"” and "twelve" are pronounced "dek”, "el” and "do" in the

dundecimal system.

When it is not clear from the context whether a numeral is a decimal or a
dozenal, we use a period as a unit point for base ten and a semi-colon, or
Humphrey point, as a unit point for base twelve, Thus % = 0:6 =0.5 #
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NUMBERS: CHEAPER BY THE DOZEN?

Part 2
[Part I appeared in our previous issuef
A Senior Project by Addie Andromeda Evans

A MATHEMATICAL EXAMINATION OF
DIFFERENT NUMBER SYSTEMS

The choice in number base can make a significant difference in the use of
numbers, There are a variety of ways in which numbers are used in daily life:
caleulations, applied to scientific endeavors, and in the ahstractions of thought
such as number theory.

Before we get into number bases, [ will briefly discuss that we are examining
number bases within the Arabic numeral system, which is abstract place
notation. Although the Babylonians had a sexagesimal system, the notation
consisted of symbols for tens and ones only, The Arabic numerals are much
more conveniznt for complex computations than the Babylonian notation or
Roman numerals.

“The number base of ten has no sanciion but long habit and the
physiological accident of ten fingers.” -Andrews'

[id base ten survive because it is the most convenient number base? The
reasons for the convenience of a number base lies mamnly in divisibility, which
was another concept that now seems simple but was hard for human
consciousness to develop, By the time that division, fractions, and fractionals
were well understood, base ten was already well established. To this day,
fractions and fractionals still remain much more difficult for the mind to grasp

than the integers,

S0 what would make a convenient number base? What should a number base be
evaluated for? One reason is convenience in measurement and thus division. [f a
basic unit of measurement — time, money, volume, weight — can be divided
well into multiple fractional parts, than it is convenient.

“Sumerians and Latins, alike, have drawn from metrology the division
of the abstract unit, But while the Latins have adopted the division through
twelve without regard to their system of numeration, which was built upon the
Base of ten, the Sumerians have divided the unit by the same number which

'A list of works cited appears at the end of Pant 2. -Ed.

The Duodectmal Bulietin




Numbers: Cheaper by the Dozen?

formed the base of their numeration,” -Thureau-Dangin

Half the argument for a good number base already lies in issues of measurement.
The factors of the base make for convenient fractional representation of those
factors as denominators. So for a convenient representation of one hall and one
third, two and three would need to be factors of the base. So we want to choose a
number system with factors that are conducive to the needs of daily
measurement. When that is established. a measurement system of the same base
should be established as well.

“Because of our two eves and two hands we prefer to halve and double
things, Therefore we should use measures and arithmetic containing only even
factors.” -Tingley

A case has been made for the Octal system, base eight. in the past, Eight has the
advantage of being divisible by 2 three times, which would work well for
smailer and smaller increments of units such as money or volume for example,
as the size of the step is always the same. The fact that 2 is the only divisor
makes the octal system a poor choice, even if two is the divisor three times over.,
Octal has been taught in schools to children to help them understand numbers,
which may be a good exercise but, does not win the case for the octal system,

“Arithmeticians and educators wrongly favor the scale of twelve con-
taining in the place of five the equally offensive odd and prime three.”  -Tingley

In spite of Tingley, neither [ nor most mathematicians find odd or prime
numbers offensive as factors of & number base. As stated before, the more the
factors in a number base, the greater the chance of terminating fractionals, In any
number base the sets of rational, irrational, terminating and non-terminating
numbears will all be infinite. However, in a base with more factors than, for
example base ten, there is a higher probability of terminating fractionals then
there is in base ten.

“In any decimal-form system, those denominator-numbers can be
expressed as whaole numbers whose prime factors are all factors of the base of
the system: but demominators containing a factor which is not a factor of the
number base, resolve themselves into endlessly repeating ‘decimals®.” -Andrews

In that case, it would be nice to have a number hase that contained as many
prime numbers as possible. Base sixty is nice in that almost all numbers up to
twelve are either a factor of sixty or are the product of two factors of sixty. For
example, sixty is not divisible by 8, but it is divisible by its factors: 2 and 4.
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Thus, dividing by 8 in a base sixty will yield finite fractionals. The only numbers
beiow twelve that would yield unending fractionals in base sixty are the primes 7
and 11, because they are not factors of the base and are not products of factors of
the base.

Do we really need as many primes as possible? Three is the most important odd
prime, along with the equally important and only ¢ven prime 2. The primes other
than 3, being 5, 7, 11, and 5o on. are not particularly useful in terms of mensura-
tion. Five is only still perceived as useful because it is half the current number
base. However, 6 would be a much better half number of the number system,
because it is the preduet of the two most important primes 2 and 3, That number
system is base twelve.

A number base should also be limited to-a realistic number of symbaels, OF
course, it doesn’t sound too hard to remember sixty symbols, especially in
comparison to how many kanji characters the Japanese use in their daily life,
However, the problem here is in memorizing the multiplication table. To
memorize 3600 products at a young age would be a daunting task. And it is truly
important to know the whole multiplication table of the number base, as it
reveals the number patterns of the entire system,

In choosing a number base, we can already rule out prime numbers, since we
know that for practical purposes we want as many factors as possible. Prime
bases are mathematically intriguing in that their fractionals are all irreducible.
There are many fractionals in base ten that have multiple fractional
representations. For example, (.36 can be represented as 36/100 or 18/50 or
0/25. In a prime base, neither 0.36 nor any other fractional ean be reduced in
fraction representation. This is because we would represent only numerators that
are not powers of the base and denominators that are always powers of the base.
There is no commen divisor here and thus no simplification. Nor will there ever
be a common divisor. There will rarely be non-terminating fractionals in a prime
base because, as probability indicates, most fractions will not have a
denominator that is either the base number or one of its powers. Thus prime
bases are out of the question for a number base of commeon use.

We also would not want a number base to be too small. Quinary, or base five,
would have too few symbols and representations of large numbers would get too
large too fast (quinary is also not a desirable base because it is a prime number),
Thus, the number system needs to be a good medium size. What size is medium?
According to Menninger, “If the size of 20 intervals is too large for convenience
in counting, the intervals of five are two small.” This point was made in relation
to five, ten, and twenty being numbers corresponding to human digits, which
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have been the main basis for human systems of numeration, The table on the
next page shows the numbers 5 through 20 and their factors.

As the table displays, twelve, eighteen, and twenty are the medium sized number
with the most factors, Since each has four
factors, we could go ahead and pick twelve as

our base because it is the smallest base with
HLIF:::!:E:;}{ the most factors. But even better than that, we
No can pick base twelve because its four factors
) 1 2 - — 2.3, 4 and 6 — are the most convenient
P for mensuration.
612123 Base twelve, also called the duodecimal or
7 dozenal system, 5 the favored number system
Bl2il4 in modern mathematics literature. Georges
IR Buffon (1707-88) was the first to advocate
L A base twelve, and since then many
11 mathematicians have followed suit. LaPlace,
2l2l3s L raliEeT a mun of impressive mathematical ingenuity,
13 thought that base twelve would be best and
NEIE; convinced Napoleon of this as well. LaPlace
also thought that binary, base 2, which uses
4 51> only | and 0 was the number svstem of the
6|24 8 gods.
17
] 20 g Mo e 1 OO “He imagined that Unity represented
19 God, and zero the void; that the Suprome
a0 |24 |35 0 Being drew all the beings from the void, just
as unity and zero express all numbers in his
system of numeration.” -Ellis

There is a certain beauty in the simplicity of zeros and ones. To create all
numbers out of two is a fascinating thought. It would be difficult for humans to
think in hinary as well as perform daily mathematical operations io binary, Since
there are anly two symbols, the numbers get unnecessarily large quite quickly,
forexample 111111111 HHHOO000T 1GOO00T 1111101, 1t is also harder for
humans to-distinguish differences in the numbers when there are only two
svmbols. Binary is the necessary language of computers, due to the two
possibilities inherent in eléctrical circuits; on and off, Binary, however, can end
up taking an enormous number of digits, and therefore binary information is
compacted with the octal (base ¢ight) and hexadecimal (base sixteen) systems.
To compact information of" base two, it makes sense that bases that are powers
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of two were chosen for this job, eight being two to the third power and sixteen
being two to the fourth power, Binary clearly has its place in the computer
world. We discussed octal above, and for the same reasons, hexadecimal is also
not a practical base.

THE DOZENAL SYSTEM

As we have reviewed before, the dozenal system is a popular choice for a base
because of its large number of divisors and its convenient size. The power of this
is seen in the multiplication table, where there are very easy and convenient
patterns for all the divisors and their multiples. Before looking at the
multiplication table, let us examine some facts about the dozenal svstem. To
reinforce the positive attributes of the dozenal system, some facts about the
decimal system are relayed first, followed by facts about the dozenal svstem.

DECIMAL SYSTEM FACTS
L. All even numbers must be divisible by 2,
2. All numbers ending in 0 must be divisible by 10,
3. All numbers ending in 0 must be divisible by 5.
4. All numbers ending in 5 must be divisible by 5.

DOZENAL SYSTEM FACTS
1; All even numbers must be divisible by 2.
2; All numbers ending in 0 must be divisible by 10.
3: All numbers ending in 0 must be divisible by 6.
4: All numbers ending in 0 must be divisible by 4.
5; All numbers ending in 0 must be divisible by 3.
6; All numbers ending in 0 must be divisible by 2.
7: All numbers ending in 9 must be divisible by 3.
8; All numbers ending in 8 must be divisible by 4.
9; All numbers ending in 8 must be divisible by 2,
¥ All numbers ending in 6 must be divisible by 6.
#: All numbers ending in 6 must be divisible by 3.
105 All numbers ending in 6 must be divisible by 2.
I1; All numbers ending in 4 must be divisible by 4,
12: All numbers ending in 4 must be divisible by 2.
13; All numbers ending in 3 must be divisible by 3.

Anyone who has studied number theory will immediately see how much more
convenient the dozenal system is for finding prime numbers, In the decimal
system, the only hint we get when looking for large prime numbers and
divisibility is that even numbers and numbers ending in 5 are not prime. But in
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the dozenal svstem we know that, besides even numbers, numbers ending in 3
and 9@ are not prime, When dealing with numbers higher than 144 in the decimal
system, we have no reason to know whether they have divisors unless they end
in 2, 4, 5, 6, 8 or zero. The only other method is to take the square root of the
number, which will usually not be an integer, and then try to divide the original
number by all primes less than or equal to the square root. For some numbers
that can be time consuming. In the dozenal system, there are more indicators of
divisibility and thus one would have to resort to the square root method less
frequently.

All numbers that share a factor with base twelve have easy to remember and
very convenient multiplication tables. The only numbers that this does not
include is 5, 7, and 11, The number #,.,.. orl 1. however, has an easy to
remember multiplication table because it is one less than the base, just as it is the
case with 9. These facts demonstrate that daily calculations will be easier to
remember and thus compute in one’s head, if in the dozenal system. The patierns
in the dozenal system are more commeon throughout than in the decimal system.

DOZENAL MULTIPLICATION TABLE

T5 125 130 147 195 165 |7: |oF |98 |%s |#s [10%
I ! ) | 4 3 f iy & g X it i
2lx 21 4 6| & F| 40 2] 4] 6] 18] ] 20
E = 1] ol oy 3] fs] 9] 20 23] 26 2¢ il
4% 4 81 L0y 4] 18] 2oy 24| 28] 30 34] 38 40
3 31 & L3 I8 21} 28] 28| 34 39| 421 47y 50
% 6l fo] rfa) 201 26) 30| 36| 48] 46| S0 561 a0
Fi TN 12] 9] 24| 2#) 36| 4] 48] 33| ¥ 45 Fir
A5 &1 4| 201 28] 34 401 48] 4] 60] 48] T4 S0
gl 91 fa]l 23] 3N 39| 4] 53] 6 69 Fo| &3 A
x5 Hl 18] 26] 34| 42| 50| ¥ 68| To| &4 LI H0
ft's #l 4X] 290 38| 47| 6| 63| T4 83 82| X[ #0
1 O 20l 301 400 30| s TO| &M eo) KOl s M0

OFf great importance is the world of fractionals, which is made much more
convenient. As F. Emerson Andrews writes in New Numbers; “Carried out to
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one place only, duodecimals represent closer values for one half of all the
possible fractions, decimals represent better values for one-third of all possible
fractions; the remaining sixth are expressed equally closely in either system.”
The table on the next page displays this fact.

It should alzo be noted that dozenals are also more accurate per dozenal
fractional place because the positions represent one twelfth, one hundred forty
fourth, and so on. This means more bang for vour buck with vour dozenal
fractions.

OPERATIONS IN BASES

Ome can add. subtract, or multiply any two integers and still obtain an integer,
negative or positive. When dividing a random integer by another random integer,
the gquotient will usually result in an integer part and a fractional part -
sometimes one that is a non-terminating fractional,

FRACTIONS DECIMAL DOZENAL
one ] !
one half 0.5 (4
one third 0333333 ... o
one forth (.25 3
one fifth 0.2 (29724249724,
one sixth 1. 166666, .. 02
Lone seventh 0.142857142857... 0; 1 86X35186K35 .
one eighth 0.125 : 16
one ninth 011111 ;14
one tenth i1 G f23972497..
one eleventh 00590009, gl
one twelfth 0.083333... {1

As an exercise for this topic, 1 wrote a computer program that “seemingly” does
operations in the dozenal system, For the program, [ had to
make mathematical conversions from dozenal to decimal
and back agzain, although it should be noted that the

AE::“& L:ier computer actually thinks in binary. The QBasic program,
£ as with most computer sofiware, is designed to let us think
The Duodecimal Bulletin #
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in decimal while it actually does its work in binary. In fractionals, the non-
terminating fractions are truncated by the program. So there 18 no exact accuracy
for any number base because of this. For practical purposes. however, anly a few
fractional places are necessary.

The program takes two dozenal numbers, converts them to decimal, performs an
operation on them and then converts the result from decimal to dozenal again.
The conversion from dozenal to decimal is simple. Just multiply the coefficient
by the power of twelve corresponding with its place. Then you'll have a decimal
number which vou can operate on. For example:

2768301 = 20123 + 7123 +6(12) + 11 + 112+ 00128 + 112N
is 4547 83391 ... or approximately 4547.8339

Once the operations are finished, the conversion back to dozenal is more
complicated, To do this, 1 separated the integer part from the fractional part. For
example separate 45478339 into 4547 and 00,8339

To deal with the integer, | used the division algorithm. The division algorithm
takes a number, the dividend, and sees how many multiples of the divisor goes
into it, leaving a remainder that is less than the divisor. [f we take a number o in
base ten and want to convert it to base twelve then we lake n and divide it
successively by twelve. The remainders are then the digits in base twelve, Let's
take 4547 in base ten and convert it to base twelve.

4547/12 = 378 with a remainder of 11
37812 =31 with a remainder of 6
31112 =2 with a remainder of 7
7/12=0 with a remainder of 2

Reading the remainders in reverse order the division algorithm gives 4547, =
276E, .. The subscripts are used to indicate the different bases.

To deal with fractions | used the multiplication algorithm, successively
multiplying the fractional part by twelve and removing the integer parts which
are the dozenal digits. See the example on the following page.

Mote that | separated the integer and fractional parts, T dealt with the integer part
with the division algorithm. I dealt with the fractional part with a multiplication
algorithm. The fractional part is multiplied by twelve and then the integer part of
that product is the coefficient. The fractional part of that product becomes the
new number ta go through the algorithm in the exact same manner,

The Duodecimal Bulletin I Dozen

Numbers: Cheaper by the Dozen?

For example 0.8339:

0| 8339
® 12
10| 0063
s b
0| 0816
= 12
0 .9792
® 12
11 | .7504

Thus 0.833% is 0:%00:... or approximately (301,
Pseudo code for a program to make this conversion follows:

PROGRAM Decimal to Dozenal Conversion Program

BEGIN

REMARK: Input a decimal number

[NPUT Decimal integer Declalue

SET Declnteger = Integer part of DecFalue

SET DecFraction = BecValue - Declntecer

CALL SUBROUTINE Convert Integer

CALL SUBROUTINE Convert Fraction

CALL SUBROQUTINE Output Dozenal Integer
END PROGEAM Decimal to Dozenal Conversion Program

SUBROUTINE Convert Integer
BEGIN
REMARK: Repeatedly divide Declnieger by rwelve and store the
remainder in the array, DozRmainder.
Set SaveCount =0
IF Decinteger = 0 THEN
SET SaveCouni = |
SET Declnieger =10
ELSE
LOOP WHILE Decintéger + 0
SmieCount = SaveCount + 1
DazRmainder{SaveConnt] = Declmieger MOD twelve
Declnteger = Integer part of (Declnteger [ twelve)
END LOOP WHILE i
END IF
END SUBROUTINE Convert integer
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